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Abstract

A prolate spheroidal body immersed into a nonuniformly heated magnetic liquid in an applied magnetic field has

been considered. The expressions for the pressure and velocity of the liquid, temperature and magnetic field have been

obtained. The formula for a thermomagnetic force acting on the body has been calculated. It has been shown that the

body shape needs to be taken into account when we study the thermomagnetic diffusion of the prolate bodies.

r 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Many works are devoted to the calculations of the

forces acting on a body inside a magnetic fluid in

isothermal conditions (see, for example, Refs. [1,2]). In

Ref. [3] a thermomagnetic force acting on a spherical

body in a nonuniformly heated magnetic fluid has been

calculated. Experiments [4] have shown that a thermo-

magnetic force acts on the large aggregates of ferro-

magnetic particles in a nonisothermal magnetic liquid.

In a magnetic field, the large aggregates have a shape

extended along the field. For investigation of the

thermomagnetic diffusion of such aggregates it is

necessary to know a formula for a thermomagnetic

force acting on a prolate body.

Here a prolate spheroidal body immersed into a

nonuniformly heated magnetic liquid in an applied

magnetic field is considered. The expressions for the

pressure and velocity of the liquid, temperature and

magnetic field are obtained. These expressions are used

for an analytical calculation of the thermomagnetic

force acting on the body.

2. Problem statement

A prolate spheroidal body with major a and minor b

axes is considered. The body is immersed into an

incompressible viscous nonuniformly heated magnetic

liquid in an applied magnetic field. The parameters of

the body and the liquid are denoted by the superscripts

(i) and (e), respectively. The magnetic permeability of

the liquid mðeÞ depends on the temperature T ; the
magnetic permeability of the body substance mðiÞ

depends on the temperature and the magnetic field

strength H : The thermal conductivity of the liquid and
the body substance (kðeÞ and kðiÞ) are constant. Our aim
is to find the thermomagnetic force and this is calculated

by the following formula:

Fi ¼
Z

S

pijnj dS; ð1Þ

pij ¼ � pgij þ
HðeÞiBðeÞj

4p
�

H ðeÞBðeÞ

8p
gij

þ Zðrivj þrjviÞ;

where v; p and Z are velocity, pressure and viscosity of
the fluid, respectively, and n is a normal vector to the
body surface S: In Stokes’s approximation and for small
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Peclet’s number the equations take the forms

div Bðe;iÞ ¼ 0; rotH ðe;iÞ ¼ 0;

Bðe;iÞ ¼ mðe;iÞH ðe;iÞ; H ¼ rf;

DT ðe;iÞ ¼ 0; div v ¼ 0;

0 ¼ �rp �
H2

8p
rmðeÞ þ ZDv:

The boundary conditions on the body surface are

as follows: T ðiÞ ¼ T ðeÞ; kðeÞðq=qnÞT ðeÞ ¼ kðiÞðq=qnÞT ðiÞ;
H ðeÞ

t ¼ H ðiÞ
t ; BðeÞ

n ¼ BðiÞ
n ; v ¼ 0: At infinity, the values

perturbed by the body tend to the unperturbed ones

noted by the superscripts 0: T ðeÞ-T0; H ðeÞ-H0; v-0:

3. Analytical solution

Let us consider the case when H08ðrTÞ0; k
ðeÞ ¼ kðiÞ;

ðriHjÞ0 ¼ 0; iaz; jaz; ðrzHzÞ0a0 (next formula is

valid near the center of the body: H0
j ¼

H0j þ ðriHjÞ0x
i). The long axis of the ellipsoid, the axis

z and the magnetic field H0 have the same direction.

We introduce the dimensionless values An ¼ A=A0;
xn

i ¼ xi=a (A � T ; H ; v; p; the superscript 0 is related to
the unperturbed values at the point coinciding with the

body center in the absence of the body) and the small

parameter e ¼ aðrTÞ0=T051:
Under this condition the perturbed values A0n ¼

An � A0* can be found in a power series in e:

A0n ¼ A00 þ eA1:

The solutions for the dimensionless temperature and

the perturbation of the magnetic field potential outside

the body are

T ðiÞ;ðeÞ* ¼ T0 * ;

fðeÞ0 * ¼ fðeÞ
00 þ eðfðeÞ

1 par þ A0Q0 þ A2Q2P2Þ;

fðeÞ
1 par ¼ �0:5 qmðeÞ* =qTn

� �
0
fðeÞ
00zn;

fðeÞ
00 ¼

c

a
r1M cos bQ1; r1 ¼

ch a0
Q1

����
a¼a0

;

M ¼
mðeÞ0 � mðiÞ0

mðiÞ0 � mðeÞ0 r1
dQ1

dch a

���
a¼a0

;

mðiÞ0 ¼ mðiÞðT0; ð1þ MÞH0Þ;

where c2 ¼ a2 � b2; c ch a0 ¼ a; a; b; j are the ellip-

soidal coordinates, P
ðjÞ
i ðcos bÞ; Q

ðjÞ
i ðch aÞ are asso-

ciated Legendre’s functions, Qi ¼ Q0
i ; Pi ¼ P0i : The

constants A0; A2 are determined from the boundary

conditions.

The formulas for the perturbed values of the liquid

pressure and velocity have the form (xi are Cartesian

coordinates)

v0ni ¼ eRem qmðeÞ* =qTn
� �

0

	 ð0:5ðfðeÞ
00 þ znÞfðeÞ

00diz

þ 0:25ðxn

i f
ðeÞ
00 � z*2rn

i f
ðeÞ
00 Þ � uiÞ

þ 0:5eRepxn

i plap þ evlapi ;

vlapx ¼ cx
21Q

ð1Þ
2 P

ð1Þ
2 cos jþ c0x

c

a

qQ1P1

qxn
;

vlapy ¼ cx
21Q

ð1Þ
2 P

ð1Þ
2 sin jþ c0x

c

a

qQ1P1

qyn
;

vlapz ¼ cz
0Q0 þ cz

20Q2P2 þ c0z
c

a

qQ1P1

qzn
;

pn ¼ � eP qmðeÞ* =qTn
� �

0

	 ðfðeÞ
00 þ znÞrn

zf
ðeÞ
00 þ eplap;

plap ¼ a01Q1P1 þ a0 cos b
ch2 a�cos2 b

;

Rem ¼
H2
0m0a
8pZv0

; Rep ¼
p0a

Zv0
; P ¼

Rem

Rep

;

where ui ¼ rn

i f ; f is a partial solution of the equation

Dnf ¼ fðeÞ
00r

n

zf
ðeÞ
00 : The coefficients a01; a0; cz

0; cz
20; c0z; cx

21;
c0x are found from the boundary condition for the

velocity and from the equation div v ¼ 0:
With the help of these solutions and Eq. (1) the

thermomagnetic force is obtained:

Fz ¼
V

4p
qmðeÞ

qz

� �
0

H2
0

1

Q1 sh
2a0

	
3

4
þ
1

2

Q2 ch
2a0

Q1cha0 þ Q0

� �
M

�

þ
1

2
M2 Q1 ch a0

Q1 ch a0 þ Q0

�
; ð2Þ

where V ¼ 4pab2=3 is the body volume, Qi ¼ Qiðch a0Þ:
The force has only one component along z-axis.

Analysis of formula (2) shows that the force increases

with the parameter s ¼ a=b when the body volume is

constant. For large enough parameter s (s-N) the

formula for the force may be written as

Fz ¼
V

4p
qmðeÞ

qz

� �
0

H2
0 M þ

M2

4

� �

	
s2

ln s
1þ O

1

ln s

� �� �
: ð3Þ

We can establish that for M ¼ �1 and for the

parameter s ¼ 10 the force acting on the extended

spheroidal body of volume V is about 10 times greater

than the force acting on the spherical body with the

same volume.
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Owing to the presence of the thermomagnetic force a

body begins to move in a viscosity liquid. The friction

force acting on the moving bodies in a viscosity liquid

equals 6pZReffv; where Z is viscosity, Reff ¼ Reff ðV ; sÞ is
the effective radius of the extended spheroidal body, and

v is velocity of the body. For small enough body, the

body velocity may be found from the equation

6pZReffv ¼ Fz: Using information about Reff ¼
Reff ðV ; sÞ from Ref. [5] and formula (2) we can calculate

the extended spheroidal body velocity vðs;V ;MÞ and the
ratio vðs;V ;MÞ=vðs ¼ 1;V ;MÞ ¼ f ðs;MÞ: In Fig. 1 the
ratio vðsÞ=vðs ¼ 1Þ against s is shown for M ¼ �1: This
curve vðsÞ=vðs ¼ 1Þ ¼ f ðsÞ shows that the velocity of

extended spheroidal body may be considerably more

than the velocity of the spherical body with the same

volume.

4. Conclusions

Using formulas (2) and (3), the following conclusions

may be obtained:

(1) Vector of the thermomagnetic force and vector rT

have the same direction if Mo0 and opposite

direction if M > 0: It means that the prolate

aggregates of the ferromagnetic particles move to

more heated boundary of a magnetic liquid.

(2) The velocity of an extended spheroidal body in a

nonuniformly heated magnetic liquid depend heav-

ily on the parameter s ¼ a=b: So, body shape needs
to be taken into account when we estimate the

aggregate velocity caused by the thermomagnetic

force.
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Fig. 1. Value of vðsÞ=vðs ¼ 1Þ against s (for M ¼ �1).
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